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I. INTRODUCTION 


Topological quantization (TQ) is a method inspired by Dirac’s quantization of the charge 
in the presence of a magnetic monopole [l|. There, it is discussed the phase factor acquired 
by the wave function of a charged particle moving around a monopole conhguration leading 
to a discrete relation between the charges of the monopole and the electron. Wu and Yang 
in discussed this quantization condition and others aspects of gauge helds in terms of 
nonintegrable phase factors and the gauge transformations that relate them in the different 
overlapping regions of spacetime. The mathematics involved in their description is related to 
the theory of hber bundles. The topological/geometric ideas upon which this quantization 
method relies have been developed and applied to monopole and instanton conhgurations 
3-51 and similar analyses have been done in the context of cohomology jo], topological 
models of electromagnetism and current quantization jsl. 

The motivation for this analysis comes mainly for the need to explore alternative options 
to face the problem of quantization of physical systems and in particular the more elusive 
problem of quantizing the gravitational held. Am ong the candidates to which more effort 
has been devoted we hnd loop quantum gravity 101 and superstring theory [ll, 12|. In 
spite of the success that different approaches have reached, there are still problems which 
remain to be solved Q. A obstacle to the deve.optneat of a ,aa„tu„t desct.ption of 

gravity is the lack of experimental evidence that can lead the way to a theoretical model. 
For this reason it is of great relevance the insight obtained from the phenomenology of 
quantum spacetime Q which could give valuable information to help in the construction 
of different approaches. There are other approaches which have been growing recently, 
for instance, held theories with group momentum spaces are of interest in the spin foam 
approach to quantum gravity, in the analysis of relativistic particles coupled to 3d gravity 


and in studying point particles coupled to Chern-Simons description of 3d gravity jl5l-ll7|. 


It is signihcant that results from 3d quantum gravity which point to a curved momentum 
space and a noncommutativity of the spacetime coordinates can be understood as a theory 
with (DSR) deformed relativistic symmetries [^, thus preserving an observer independent 
description of phenomena. 

In the method of topological quantization the analysis of the physical systems is based 
on a geometric structure which is a principal hber bundle representing the system and its 
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symmetries, considered as classical symmetries of spacetime. At this point in the program of 
TQ we expect to obtain quantum information in the form of discrete relations between the 
parameters that enter in the description of the physical system as it is done for gauge held 
theories in j^, without imposing any extra conditions to those proper to the dehnition of the 
principal hber bundle that represents the system. Therefore it is interesting for us to compare 
the results obtained here with the ideas of some approaches to quantum gravity, which in 
general lead to the notion of discretization of spacetime and deformation of symmetries. So 
far, TQ has been useful to obtain some topological spectra for different conhgurations, in 

this 

program. Moreover, conservative mechanical systems 


and bosonic strings 


22 


23| 


have also been considered within this method. Recently, some gravitational conhgurations 
have been studied using as a standard hber for the principal bundle the Lorentz group as the 
symmetry group (reducing from the group of diheomorphisms). However, these preliminary 
results are still under discussion [24 1. 


The outline of the paper is the following. In section [TTl we recall the generalized harmonic 
maps (GMH) dehned in j^, as an equivalent description for gravitational helds which 
possess two commuting Killing vector helds. The introduction of GHM originally pursued 
to describe these solutions to the gravitational held as generalized string models, something 
which in principle would allows us to canonically quantize the systems given that we know 
the solutions to the embedding that dehnes the generalized Polyakov action. The description 
of gravitational helds as GHM gives us an alternative to implement the method of topological 
quantization on a two-dimensional base space which in particular allows for a reduction of the 
spacetime symmetries to an Abelian group SO{2) or 50(1,1) depending of the signature of 
the induced metric on the base manifold. In section im we present the method of topological 
quantization for the case of GHM and establish how to obtain the quantization conditions, 
if any. We include some examples which cover diherent options for gravitational helds 
including the Schwarzschild solution, the unpolarized Gowdy cosmological solution and 
the Einstein-Rosen gravitational waves. In all the cases examined here, we hnd that no 
quantization conditions are imposed. This result at hrst look seems surprising, but after 
some rehection we can start to ponder if there is a role for local classical symmetries in 
the quantum description of spacetime. It seems that our results point in the direction of 
modifying the fundamental symmetries of the gravitational held and considering the Lorentz 
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group only as an effective local symmetry in the description of gravity in the classical regime 
24j |. In the last section HVl we present the conclusions. 


II. GENERALIZED HARMONIC MAPS 


In this section we present the generalization to the concept of harmonic maps 2^, [2^ as 


IS given m 


27|. First, we recall the dehnition of harmonic maps. Let {A4,g) and be 


two (pseudo) Riemannian manifolds of dimension m and n and with local coordinates 
a = 1,. .. ,m and A = 1,...,n respectively. A smooth map f : Ai ^ AT is said to be 
harmonic if it satishes the equations of motion obtained from the variation of the following 
action 

F = j d^xL = j d^x ^\g-\x)Kb{x). (1) 

where hab = day^dby^GABiv) is the induced metric on the embedded manifold /(Ad) and 
the mapping / is represented in local coordinates as / ^ {y^{x ),..., y'^{x)). We shall call Ai 
the base space and Af the target space. The equations of motion satished by the harmonic 
maps can be obtained from the variation of ([T]) with respect to the fields y^{x) yielding 




da{\g\ g'^'^dby^) + T%c{y)g'"''day^dby^ = 0, 


( 2 ) 


where T\(j{y) are the Christoffel symbols associated to the metric of the target space G. 

5L 

Sg^b 1 


We can dehne the energy-momentum tensor of the embedded hypersurface as Tab = 


where L is the Lagrangian density i n fill) . 

The generalization introduced in 27(] was originally intended to describe some particular 
gravitational conhgurations as some sort of generalized bosonic strings, that is, having as 
the base space of the mapping a two dimensional manifold which can be understood as a 
worldsheet embedded in the target space Af. In this work, we are interested in the particular 
feature of the GHM of having as base space AA. a two dimensional manifold. The generalized 
harmonic mapping is achieved allowing the target space metric to depend explicitly on the 
base space variables, G = G{y,x). This modihcation can be interpreted as an interaction 
between the two spaces and as we will see, this modihes the conservation law for the energy- 
momentum tensor. The equations of motion for the GHM can be obtained from the variation 
with respect to y^ of the action 

5 = [d^xL= I df^x ^/W\g''\x)^ay^ dby^ GAsiy^x), (3) 
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where we must notice the explicit dependence of G on the base space coordinates G = 
G{y,x). Again we have the induced metric given by the generalized harmonic mapping 
h = f*{G) with components 

hab = daV^ dhV^ GAsiy, x). (4) 


Then, the set of equations for this generalized mapping are 
1 


^da (1^1 g'^^dty^) + T^Bci.y^^)9''^9ay^dby^ + G^^{y,x)g‘^^ day^dbGBc(,y,x) = 0, (5) 

Vwl 

where we have written explicitly the dependence on the coordinates for the relevant 
quantities. Obviously, the Lagrangian density and held equations reduce to the harmonic 
mapping when daGAB = 0. Both harmonic mappings and their generalization are invariant 
under reparametrizations of the base and diffeormorphisms on the target space. In the 

particular case of a two-dimensional base space there is also invariance of the action under 

□ 

Weyl transformations. For a detailed analysis of these symmetries see the appendix in |27| . 
As for the conservation law, we have for the regular harmonic maps that = 0, while 

the relation for the GHM case is generalized as 


+ - 


1 dL 


2 dx° 


= 0 , 


( 6 ) 


where both conservation laws are understood to be on-shell with their corresponding field 
equations. We will hnd that relation (|6]), for the gravitational helds we study in this work, 
carry information about the gravitational function which is solved by quadratures once the 
main Einstein held equations are solved, which otherwise is lost when the system is described 
by the reduced Lagrangian. For a more detailed analysis of the properties of GHM see 27 |. 


In the following subsections we will use GHM to describe gravitational helds which possess 
two commuting Killing vector helds. In particular, we will deal with stationary axisymmetric 
solutions along with the limit case of static spacetimes, the unpolarized Gowdy spacetime 
and Einstein-Rosen gravitational waves. 


A. Stationary axisymmetric spacetimes 


The line element for stationary axisymmetric spacetimes in Weyl-Lewis-Papapetrou co¬ 
ordinates is given by 


ds^ = —f{dt — ud(j))‘^ + — e^'^{dz^ -f- dp^) + p^dcj)^ 


(7) 
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where /, k and oj are functions of p and z. The field equations are 


■ .2^ 1 


d^f + -d,f + dif 


f 


{dpff + {djY - {d,nf - {d.ny 


= 0 , 


dlQ + -dpQ + d^Q - 
Ok— ^ 

4 p 


f 


dpfdpVt + 


{dpff - {djf + {dp^f - {dM 


= 0 , 

= 0 , 


5k, 


p 

2P 


dpfdj + dpVtd^Vt 


where we have introduced the function VL{p, z) as 


5pW = 


and 


= 0 , 


P 


dzUj ^^Op^. 


( 8 ) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 


The two hrst equations (IHD and ([9]) are known as the main held equations as they deter¬ 
mine the complete solution. In fact, solving the main held equations for / and hi, then the 
other pair of equations flTOj) and (ITT]) give the solution n by cuadratures. It is possible to 


obtain the main held equations from the reduced Lagrangian density 

c2 r 


28| 


L = 


JP 

2P 


{dpfY + {djy 


/■ 

+ — 
p 


{dpuY + {d^uY) 


( 13 ) 


which in terms of the alternative held hi is expressed as 


L = 


P 


2/2 [ 


{dpfY + {dJY + {dp^Y + ( 5 . 12 )^ 


for the action integral 


5 = 


L dtdpdfdz, 


( 14 ) 


( 16 ) 


'M 


where A4. is the spacetime manifold. 

The Lagrangian density flT^ can be obtained from the curvature scalar neglecting the 
total divergence terms and noticing that u and k are ignorable helds. In this way, we can 
arrive at its hnal form using the Routh procedure 29|. This reduced Lagrangian density can 
also be interpreted as the Lagrangian for the non-linear sigma model SL{2, R)/SO{2). We 
will not pursue this construction here, for a detailed analysis see 30|]. In terms of harmonic 
maps is constructed with the 4-dimensionaI spacetime with the metric associated to the line 
element ([7|) and a two-dimensional target space with coordinates = f,Q and a diagonal 
metric G = ^diag(l, 1). Then, from the Lagrangian density in ([1]) and the held equations 
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([2]) we can recover the reduced Lagrangian and the main held equations ([8]) and ([9]), 
respectively. 

As we mentioned before, we would like to construct a representation for the gravitational 
helds whose base space is a two-dimensional manifold (basically because the symmetries are 
reduced to that described by an Abelian group and in principle the analysis could be easier). 
As can be seen from ca, the reduced Lagrangian depends explicitly on the base space 
coordinates. In this case and for those in the following paragraphs, this property prevents 
us from using harmonic maps to describe the gravitational conhgurations as mappings from 
a two-dimensional base space to a 2-dimensional target space which reproduce the relevant 
Lagrangian flT^ and the held equations ([H]) and ([2]). Introducing the GHM permits us to 
overcome this difficulty and still have a consistent geometric picture, with the bonus feature 
of recovering the equations ffTOj) and flTT]) by means of the generalized conservation relations 
(]6|), otherwise lost when obtaining the reduced Lagrangian. 

The representation through GHM is accomplished once the metrics for the base and 
target spaces are provided. By simple inspection of the Lagrangian density flTTll we realize 
that the appropriate metrics are 


9ab ^1 


ab 


and 


Gab — 


P 

2P 


JAB, 


( 16 ) 


where x°' = (p, z) are the coordinates in AT and = (/, G) in M. We notice in the metric for 
Af the explicit dependence of the metric components on the M. coordinates, G = G(/, G,p). 
It is remarkable that the components of the energy-momentum tensor can be expressed in 
terms of the metric function ^(p, z) using the equations flTOl [TT]) 


T = —T 

J-pp J-z 


dpK 


(17) 


and 

Tpz = d^K. 


(18) 


The generalized conservation law ([6]) for the p component is 


dTpp dTp^ 1 ^ _ 

dp dz 2 dp 

where of course it is understood that the relation is fulhlled on-shell and the 
entiation acts only on the explicit dependence on p. For the z component we 


( 19 ) 

partial differ- 
have 


dT^p _ dPz 
dp dz ’ 


( 20 ) 
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which is recognized as the integrability condition for the partial differential eqnations fllOlllip . 
dpzti = dzpK. It is interesting that the information for the metric fnnction k neglected in the 
reduced Lagrangian density is present in the form of a generalized conservation law for the 
energy-momentnm tensor. Therefore, we claim that this geometric representation throngh 
GHM is completely eqnivalent to the solntion starting from the Einstein-Hilbert action. 

Dimensional extension for the static solution 

The particnlar case of a static spacetime is obtained if we set = 0. In the context of 
GHM this becomes a degenerate case given that the target manifold J\f tnrns into a one¬ 
dimensional manifold and no non-degenerate metric can be associated to it. In order to 
inclnde the static case within the GHM description we can define a dimensional extension 
for J\f as follows. Let ns separate the degrees of freedom in the target space by means of 
the coordinatization where y^ will contain all the information pertaining to the 

gravitational field, whereas y^ will describe the dimensional extension sector. In order to 
not disrnpt the field eqnations which already describe correctly the gravitational field we will 
ask for the target space metric G to comply with the following: = 0, O^Gab = 0 and 

9aGab = 0- If is possible to show that the Lagrangian density (|3]) gets an additional the 
term L = G^^{dpy^dpy^ + dzy^d^y^), yielding a set of eqnations for the extension sector 

d^y^ + dly^ + T\^{dpy^dpy^ + dzy^dzy^) + G^^{dpy^dpG^c + dzy^dzG^^) = 0 - ( 21 ) 

This extension permits ns to describe the static solntions as GHM choosing the minimnm 
extension of a two-dimensional target space with coordinates {y^ = f,y^ = X) and metric 
G = diag(^,l). The only main field eqnation is given by ([H]) setting G = 0 and the 
eqnations for k are (llOlllip also with G = 0, while the eqnation for the extension is described 
in terms of a harmonic fnnction for y^ 

{dl + dl)y^ = ^. ( 22 ) 

So far we have been working in the Weyl coordinates bnt in order to describe the 
Schwarzschild solntion it will be convenient to switch to a coordinate system adapted to 
this more symmetric spacetime, namely (t, r, 9, yf). Gonstrncting the rednced Lagrangian by 
eliminating the second order terms in the derivatives for the general form of the line element 

ds^ = —f{r)dt^ + f~^{r)dr‘^ + r‘^{d6‘^ + sin^ Odtp^), (23) 
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we find a linear first order expression in the derivatives of the held /(r) which obviously 
cannot be expressed as a GHM, given that we need quadratic terms in the derivatives and 
besides the target space becomes one-dimensional. Using the dimensional extension we 
can write down a generalized Lagrangian density which does the trick without modifying 
the gravitational sector of the mapping starting from a two-dimensional base space with 
coordinates (r, ip) where ip is chosen as the second coordinate for convenience. The reduced 
Lagrangian is 

L = r^ (S) ^ ^ 

The GHM is determined by providing the metrics. For the two-dimensional base space M. 
with coordinates (r, ip) we have 

^ = diag(l,r^), (25) 

while for the target space M with coordinates (/, X) we require that 

G = diag(r, !)• (26) 


This is the minimum choice we can make for both spaces in order to reproduce the 
Lagrangian fl2^ . The held equations for the GHM are 


dr'i r dr ’ 


( 27 ) 


and 

dlx + -drX + \dlx = 0, (28) 

from which we obtain the usual equation for / and we observe that the held from the 
dimensional extension is any harmonic function X. 

In the following subsections we describe the cases of unpolarized Gowdy spacetime 
and Einstein-Rosen gravitational waves. As many aspects of the description are completely 
analogous we will be more brief. 


B. Gowdy unpolarized 


The line element that describes this class of spacetimes is 

= —e ^ dt^ -\- e~^~^^{da + Qd5)‘^ -1- e~^~^d5‘^ -|- e 2 "^ 


( 29 ) 
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where (t, a, 6, 6) are coordinates for spacetime and the metric functions P, Q and A only 
depend on (t, 0). This class of vacuum solutions are interpreted as cosmological models 
which are closed and present inhomogeneities. They present a singularity at t —?• cxo so they 
can be used to explore some properties of an initial cosmological singularity. The reduced 
Lagrangian density is given by 


L 


{dtPf - e-^\dePf 




(30) 


where A has been removed by similar arguments as used in the previous case. The main 
field equations are 


d^,P - e-^^dlP - e^^[{dtQY - e-‘^\deQf] = 0, (31) 

a2g _ e-^tQ2Q ^ 2 {d^PdtQ - e-^%Pd0Q) = 0, (32) 

while in order to determine the A function we have the quadrature equations, 

dfX = {dtPY + 6 ^^{dePy + + e , (33) 

dgX = 2 {dtPdgP + e^^dtQdeQ] . (34) 

The representation as GHM is obtained by equipping the base space with coordinates 
(r, 9) and with the metric 

^ = diag(l,-e"2*), (35) 

and the target space with coordinates (P, Q) and metric 

G = ^diag(l,e2-^). (36) 


The held equations fl3^ IMll bear a similar relation with the energy-momentum tensor as 
we have seen in the case of stationary axisymmetric spacetimes. The class of Gowdy space- 
times which we will here consider are the so-called asymptotically velocity term dominated 
cosmologies, whose behavior near the intital singularity t ^ oo is described by the metric 
functions |M| 


Pit, 9) =ln [Al(e-^* + p2e«], 

(37) 

«(*.»)- +5)+^. 

(38) 


with A, B, C and D functions of 9. Later we will work with a convenient choice of these 
functions. 
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C. Generalized Einstein-Rosen gravitational waves 


The line element which describes this kind of solutions in the coordinate system {t, p, 0, z) 
is given by 

+ dp^) + p^d0^] + {dz + ojd(t)f , (39) 


where the metric functions ^|J, k, oj depend only on the coordinates (t, p). These solutions, as 
in the previous cases, possess two commuting Killing vector helds and can be interpreted as 
cylindrically symmetric gravitational waves which become singular at the axis of symmetry. 
In case that the Killing vector fields are spacelike hypersurface-orthogonal it is possible to 
set a; = 0, the metric becomes diagonal and the gravitational waves are linearly polarized 
32|. 

The held equations for the metric functions are 


d'^i) d'^p'tp + -dp'll) 


3-4p 


p 


(dtnf - (dpnf 


= 0 , 


— d?fl + d^fl + -dpfl + 4 idtipdtVt — dpipdpVt) = 0, 
P 

dtK = 2pdtijdpi! + ^—dtVLdpVL = 0, 


21 , Pe 


dpK = p[{dtil)f + [dp'ipf] + 


—4-0 


(d,af + (d,af 


= 0 , 


( 40 ) 

( 41 ) 

( 42 ) 

( 43 ) 


where we have introduced ujp = pe and Ut = pe ‘^'^dpfl. The reduced Lagrangian 

from which we can obtain the main held equations (14011411) is 


L = 2p[{dt'df 


i^p^l^r] + 


pe 


— 4'0 


2 



(dp^f 


(44) 


This can be represented as a GHM providing the base space A4 with coordinates [t, p) and 
the target space M with coordinates (-0, hi) with the metrics g and G, respectively, as follows 


(7 = diag(l,—1) and G = ^diag(4, e '^^). (45) 

Again, the information for k is recovered in terms of the generalized conservation law for 
the energy-momentum tensor of the two-dimensional manifold Tab = SL/6g‘^^. 

For more details on the representation of these gravitational helds as GHM and their 
interpretation as generalized string models we refer to j^. 
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III. THE METHOD OF TOPOLOGICAL QUANTIZATION 


The method of topological quantization is basically a proposal for extending Dirac’s idea 
about charge quantization [l| to any physical system, in particular gravitational helds. This 
method is intended more on a geometrical and topological setting as was interpreted by Wu 


and Yang in [^, than in terms of the phase acquired of a state function when moving a 
charged particle around a charged monopole. As in any physical theory, topological quanti¬ 
zation should provide, at some point of its development, at least three elements in order to 
be complete: the observables, the states associated to particular values of the observables 
and their dynamical evolution. In this work we are concerned only with the first of these 
elements and we focus on understanding the role of the symmetries of spacetime within 
this approach. For defining states and their dynamics there are preliminary ideas which are 
being studied altogether with the way in which one should understand the symmetries of 
spacetime in the context of this method 241. 


The method of topological quantization requires, as a hrst step, to establish the geometric 
representation of physical systems in the form of a principal fiber bundle (pfb). In general 
terms we can describe this method as follows: the physical information of the system must 
be contained in the base manifold of the pfb, and in a connection dehned on it. The structure 
group will encode the symmetries of the system, hence the symmetry group is isomorphic 
to the standard fiber. Given an atlas for the base manifold the compatibility conditions on 
the transition functions on the fibers over the non-empty intersections of the corresponding 
charts will determine the discretization conditions on the physical parameters which enter 
in the expressions for the connection. Of course, this is just the standard geometrical set-up 
used to describe gauge theories when working with the connection and the held intensity 
(curvature) on the base manifold by means of the pull-back induced by the local sections 
in the pfb. The aim of topological quantization is to extend these ideas to gravitational 
systems. 


In the following paragraphs we will present the method of topological quantization for 
obtaining observables’ spectra according to [l9| and [22|, and we will apply this method to 
the general case of GHM and in particular to the examples described in section [TTl 
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A. Topological quantization of GHM 


As a first step we must individuate the base manifold for the pfb from the different options 
that appear in the GHM representation. It is not difficult to convince oneself that the appro¬ 
priate option is the embedded manifold /(Ad) in M together with the connection associated 
with the induced metric on it. We choose this manifold as the base for the construction of 
the principal hber bundle because the embedding equations coincide with the held equations 
that determine the gravitational conhguration. Moreover, the energy-momentum tensor for 
the embedded manifold contains the information regarding the cyclic held which disappears 
when reducing the Lagrangian density from the Einstein-Hilbert Lagrangian. As for the 
symmetries of the system we take as the structure group the reparametrization of the base 
space x'°' = for the generalized harmonic map, which inherits the role of the invariance 

under diheomorphism of the four-dimensional usual representation from the Einstein-Hilbert 


action 19|. Introducing an orthonormal frame on each point of f{Ai) we can reduce this 
symmetry to the group SO{2) or S'0(1,1) depending on the signature of the induced metric. 
Therefore we have as the base space the manifold (/(AT), h), where h is the induced metric, 
from which we can End the compatible connection one-form Uh on /(AT) with values in the 
Lie algebra so(2) (resp. so(l, 1)) and a structure group SO{2) (resp. 50(1,1)) isomorphic 
to the standard hber. 


Therefore, we can state the following result: Given a physical system described as a 
generalized harmonic map (2 —)■ D) we can represent it as a unique principal hber bundle 
P, with (/(AT),h) as the base manifold, 50(2) (resp. 50(1,1)) as the structure group 
isomorphic to the standard hber and a connection one-form with values in the Lie algebra 
so(2) (resp. so(l, 1)). It is possible to prove the existence and uniqueness of V using the 
reconstruction theorem for principal hber bundles showing that all the elements required 
for its construction are present, namely, a base space, a structure group and a family of 
transition functions identihed with elements of the structure group which fulhl the cocycle 
condition on the non-empty intersection of the open sets of the charts covering the base 
manifold. 


The existence of a connection on V is established by a well-known result 33|] which in 
the case of a SO{k, 1) structure group with k and I any integers can be cast in the following 
way: Let us consider a collection of open sets {L/} that cover AT, a set of one-forms with 
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values in the Lie algebra so(/c, /) satisfying the compatibility conditions 




AijdA-j , 


( 46 ) 


where Ajj : Ui Pi Uj —?• SO{k,l) and a set of local sections ai ■. Ui ^ ■n~^{Ui) such that in 
any Ui OUj (/) we have cij = (JjAij (the indexes i,j refer to the corresponding open set). 
Then, there is a unique connection u on V such that Ui = a*Co where the pullback a* is 


induced by the local sec 


this proposition see 


19 


ion cTj. For a more detailed exposition of a scheme of the proof for 


2l| . In the cases we are dealing with here, the structure groups will 
be identihed with SO{2) and *S'0(1,1), reducing the condition (146|) to 


LOi 00j T AijdAj^j , 


(47) 


as the two options are abelian. This considerably simplihes the analysis of the compatibility 
conditions as we will see later, and it is an advantage given by the representation of the 
gravitational helds as GHM. 

Now, let us be specihc about how to reduce the invariance under reparametrizations to 
the orthogonal group SO{2) or 50(1,1), which is the manifestation of the diffeomorphism 
invariance of the four-dimensional theory, according to our representation through GHM. We 
introduce at each point of AA. an orientable orthonormal frame {ca}, a = 1,..., dim A4, with 
respect to the Riemannian induced metric h(ea, Cb) = Sab (for the pseudo-Riemannian case 
h{ea,eb) = Tjab)- Given another frame {ca'} the two frames are related by e^' = (A“^)^^,ef, 
with A G SO{k,l). Associated to this orthonormal frame there are the one-forms that 
constitute the dual basis {0“}, such that (0“, e^) = S^ The dual basis allows us to express 
locally the metric as h = h^i,dx^ ® dx’^ = Sab 0“ G) 0^ (or h = h^ydx^ ® dx^ = rjab 0“ <8) 0^). 
The Gartan structure equations permit us to hnd the local expressions for the connection 
one-form u and curvature two-form i? on Ad, 


d0 -I- o; A 0 = 0, (48) 

R = duo 00 A 00 , (^l^) 

where d is the exterior derivative and we have omitted the frame indexes in 0, a; and R. 
Both, the connection one-form and the curvature two-form take values in the Lie algebra 
so{k, 1), thus under a change of orthonormal frame 0' = A0 they transform as 

u' = AcnA”^ -I- AdA~^, (50) 
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R = AflA"'. 


(51) 


In this way we construct a one-form Ui for each open subset Ui of the covering for }A 
which takes values in the so(fc, 1). Moreover, wherever Ui n f/j 7 ^ 0 the transformation flSOjl 
gives us the compatibility condition fH 6 |) . It is in the construction of the principal fiber 


bundle where the condition fH 6 l) must be fulhlled for a connection to be well-dehned upon a 


covering {Ui} for M.. This in turn implies having a gauge transformation A that is regular 
and single-valued in the intersections. The physical parameters of the system naturally enter 
in the expression for the connection (u, thence the conditions for A to be well-defined will 
be expressed as relations among these parameters. These relations define the topological 
quantization spectra. 

In the following we will apply this method to the gravitational fields described by means 
of the GHM and see what are the corresponding quantization conditions obtained. 

1. The Schwarzschild solution 

The first case is that of static solutions, among which the Schwarzschild solution is the 
physically relevant case in the limit of static spacetimes from axially symmetric stationary 
spacetimes. To hnd the quantization condition hrst we have to calculate the induced metric 
on /(Ad) given the pair of metrics for the base (|25|1 and target spaces (l26ll of the GHM. 
From (jl]) we find the induced metric 



+ {drXy dr ^ dr + 2 drX dgX dr ^ d9 + {deXYdO ® d9, (52) 


h = r 


where X (r, 9) is the function introduced in the definition of the dimensional extension. The 
only condition we impose on X{r,9) is that it must be a harmonic function, i.e., it must 
satisfy (TO. otherwise is arbitrary. We can reduce the invariance under diffeormorphism on 
/(Ad) to the group S'0(2) by introducing an orthonormal frame {ca}, a = 1,2 related to 
the coordinate basis by 



(53) 


while the dual basis {©“} is 


0^ = drX dr + dgX d9 and 


Q^ = ^^dr. 


dr 


(54) 
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By a simple calculation using Cartan first structure equation fHHj) we obtain that the con¬ 
nection one-form vanishes for any solution /(r, 6) and extension held X{r, 6). Therefore, no 
quantization conditions are imposed for static solutions of this form. In particular we hnd 
that there is not a discrete spectrum for the mass parameter of the Schwarzschild gravita¬ 
tional held, which is the only physical quantity that enters in /. We will discuss this lack 
of discretization by trivial quantization conditions later. It must be said that preliminary 
results following the method for the four-dimensional representation from Einstein-Hilbert 
action for this case also show that no quantization conditions are imposed 2^. Before 
moving to the next case we would like to comment on something peculiar about this rep¬ 
resentation of the Schwarzschild solution. Given that the connection is identically zero we 
have that the curvature scalar also vanishes, then we see that the embedded manifold is flat 
and there is no longer any a trace of the curvature singularity within this reduced represen¬ 
tation. It is clear that, although this representation by GHM is completely equivalent in the 
sense that it contains all the information (field equations, conservation laws), one must be 
careful in interpreting the embedded manifold in relation with the four-dimensional space- 
time manifold. One should always rely on this latter manifold to understand the classical 
spacetime. 


2. The unpolarized Gowdy solution 


Here we study the case of the unpolarized Gowdy solution. The induced metric is 
obtained given the metrics of the GHM fl35D and (l36|) 




h = ^ [ e^^{dtQY {dtPY ]dt®dt + e * [e^^dtQdeQ + dtPdeP) dt <8 d9 


o-t 


e^^ideQY + {dePy dO O dd. (55) 


The signature of this metric is Euclidean, thus introducing an orthonormal frame {ca} we 
reduce to the local symmetry to that of SO {2) for the GHM 


V2 

^e-ye^PidtQY + (dtPy) 

V2p-P^2e-ye^P{dtQy + jdtPy) ( e-ye^^dtQdeQ + dtPdeQ) ^ 

deQdtP - dtQdeP V ^e-^e^P{dtQY + (dtPY) ' 


(56) 

(57) 
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while the dual basis is 


1 / -u I D^2^ ( , e^^dtQdeQ + dtPdeP ^ 

e = ‘(e^U W + + 0.f ) ' 


:,-t+P 


0" = 


dtPdeQ - dtQdeP 


■dd. 


(58) 

(59) 


V2 ^e-^e'^PidtQY + {dtPf) 

From here on, the general expressions become extremely large and complicated, hence we 
will limit ourselves to the general behavior and in the appendix we provide the complete 
expressions. The connection one-form is 




,(/2 


(7((,»)e‘ - v(t, 0 ) e- 


(60) 


2 (e2PQ2 + p2)3/2 

where we introduce the notation Pt = dtP and U and V are expressions in terms of P, Q and 
their derivatives with respect to t and 6. The curvature two-form has the general expression 


flyke“Ae'’ = 


+ P}f(PeQt - pQgf 

from where we obtain the Ricci scalar 


W{t,9)Q^ A Q^, 


(61) 


R = 




(62) 


(PtQe - QtPeY 

where W and W are expressions in terms of P, Q and their derivatives with respect to t 
and 9. From the expressions above we see that the connection one-form (|6nll is well defined 
and regular everywhere, except at the initial singularity t -A oo, as we can observe form fIMl 
16^ . Therefore, also in this case there are not quantization conditions to impose. Using a 
particular solution for the case of asymptotically velocity term dominated cosmologies we 
can easily visualize the behavior of this solution. Consider the following choice of functions 
for fl371 l38|l : A{9) = 1, B{9) = 0, C{9) = 1 and D{9) = 9, then the induced metric is 

h = -e“* dt ^ dt + -e* d9 ® d9, (63) 

while for the orthonormal basis and its dual we obtain 

Cl = dt, 62 = \Pie~^^‘^ de and 0^ = —=e~^^‘^ dt, 0^ = ^= 6 *^^ d9. 

v 2 v 2 

The connection one-form reduces to 


(64) 


0“ =-02 

y/2 


(65) 
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and the curvature two-form and the Ricci scalar are 


A 0^ = -e* 0^ A 0^ 


(66) 


R = -2e*. 


(67) 


In this case we can observe in a simpler way that no discretization conditions arise. In fact, 
it is not difficult to show that the pfb is trivial calculating the Euler characteristic class e{V) 


and computing the topological invariant from it. The topological invariant is obtained by 


the following expression 341 






( 68 ) 


dM 


i=l 


where k is the geodesic curvature of the curves that conform the boundary of the manifold 
Ai and Q!j the angles between any two pieces of the curves. The Euler form is given by 


e{V) = —1/{2'k) R ^2 = eY(47r) dtAdO and we can choose curves at constant t whose tangent 
vectors are T = \/2e~^^‘^de, then the geodesic curvature is k = l/\/2eA2. These curves are 
closed and they do not have internal angles, hence integrating between to and ti and for 6 


from 0 to TT we obtain that x(A4) = 0. The Euler number does not depend on where these 
boundaries are set, then we can safely take the limits to —)■ —oo and ti —)■ oo. Therefore, 
we conclude no quantization conditions are imposed, coinciding with the analysis previously 
done. 

3. The Einstein-Rosen gravitational waves 

Finally, we study the case of Einstein-Rosen gravitational waves. From (l45ll and (jll) we 
obtain the induced metric for this case 


h = ^{e + 4(9t'0)^) dt® dt + p{e '^'^dt^dpQ + Adt'ipdp'ip) dt $$ dp 

+ + 4(5p'0)^) dp 0 dp. (69) 
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Again the metric is Lorentzian, then the rednced gronp of symmetries for the GHM is SO{2). 
Therefore we introdnce the orthonormal frame 


x/2 

\/2 Gp 


(70) 




[e + A'lpt'ipp) dt + (e + Aipl) dp 


(71) 


and the dnal frame 

1 p{e-^PVLl + ( e-^Pntnp + Aiptipp \ 

® =-71-(■**+ e-4*ng+4^? V' 

2 ■/Ipe-‘‘*(n,7pp - 2 

ye-i+Sl? + 4pj 


( 72 ) 

( 73 ) 


The connection one-form is 


= 


1 ( ( \(-.l 


02 , 


(74) 


where u and v are expressions in terms of '0, G and their derivatives with respect to t and 
p. The cnrvatnre two-form is 


fl‘2ai0“Ae* = -le‘Ae^ 


( 76 ) 


and the Ricci scalar 

R = --. (76) 

P 

From the above expressions we notice that the connection one-form is regnlar except at 
those points where there is a cnrvatnre singnlarity p = 0, then it is found that also in this 
case there are not quantization conditions, analogously to the previous cases. 


IV. FINAL REMARKS 

In this work we have presented the method of topological quantization applied to gravi¬ 
tational fields represented as generalized harmonic maps. 

The generalized harmonic maps introduced in permit us to have a classical equivalent 
description of gravitational fields possessing two commuting Killing vector fields. In this 
way, the complete information about the system is included in the embeddeding of the 
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base manifold into the target space and in the energy-momentum tensor of the generalized 
harmonic maps. The invariance under diffeomorphisms of the four-dimensional theory is 
identihed as the invariance under reparametrizations of the embedded surface. 

The method of topological quantization can be applied once we have constructed the 
principal hber bundle. As a result of the application of the method we obtain that for 
the three cases analyzed here, -i.e. Schwarzschild, unpolarized Gowdy and Einstein- 
Rosen gravitational waves-, we do not hnd any quantization condition to impose on the 
parameters that enter in the description of the gravitational conhgurations represented as 
generalized harmonic maps. This could be interpreted as a sign of the incompatibility of 
a classical description of the gravitational helds and the classical symmetries of spacetime 
with a quantum description of gravity. This is consistent with results obtained from other 
directions. In fact, as we mentioned in the introduction, different approaches point towards 
the deformed symmetries scenarios as a consequence of the quantum nature or discreteness 
of spacetime. Moreover, the results obtained here are in contrast with the previous results 
obtained the topological quantization of gauge helds, where the quantization conditions 
imply a discrete relation between the charges of the monopole and the charged particle. 

Our results on the one hand coincide with results obtained starting from the natural 
description in four dimensions of the gravitational helds from the Einstein-Hilbert action 


24l |. but on the other hand they do not coincide with previous hndings in the case of 


Einstein-Rosen gravitational waves, where it was found in that the G-energy density 
per length unit dehned along the symmetry axis at a hxed time possess a discrete relation, 
that is Ec = — Inn with n an integer. In that case, the fact of Ec being a negative quantity 
was interpreted as a sign of a non classical origin of this quantity. An alternative expression 
can be considered as G-energy density, giving as a result the discrete spectrum Ec = 1 — 'n? 

Although it seems we have contradictory results, it must be considered that in Q it 
was assumed that the symmetry axis for the Einstein-Rose solution is free of singularities, 
whereas here we did not make such assumption. It will be interesting to understand what are 
the origin and implications of such differences between the two approaches. It will be also 
worth analyzing in future work the case of gravitational helds in the presence of matter helds 
in the GHM representation and compare with the results obtained in 19| , where topological 
quantization with respect to the gauge symmetry is performed and leads to discrete relations 
between the charges of the gauge held and the parameters of the spacetime solution, e.g. 
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in the case of the Reissner-Nordstrom solution where the charge of the U{1) helds and the 
mass of the black hole are in a discrete relation. 
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Appendix 

In this appendix we present the complete expressions for the connection and the Ricci 
scalar curvature for the different cases. 

Unpolarized Gowdy 


= X 


y/2 


2 (e2Pg2 ^ p2)3/2 


U{t,e)Q^ -V{t,e)Q^], (A.l) 


where 


U{t, 6) = V2 {2QtPge^P - 2QlPtQge^^ + QlQge^^ + AQ^.P^Pge^ 

- AQ^PfQee^ + QjPtPtte^ + QtPtQee^ + 2QtPtPeQtte^ 

+2QtPtQePtte^ - 2P^QeQtte^ + P^Pe) (A.2) 


U(f, e) = V2 ( 2 g 3 p,p 2 P _ g 3 p^g 2 P _ 2g2p^g^p2P ^ g2p^g^e2P _ 2g2g,p^p2P 

+ 2QtP^Pe + 2QtPtQeQue^^ - 2P^Qg + 2QtP^Pet - QtPtPe 

—2QtPtPePtt ~ ‘2PtQet + PtQe + ‘2Pt PeQtt) (A-3) 


The Ricci scalar is 


R = 


2e* 


(PtQe - QtPef 




(A.4) 
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where 


W{t, 9) = 2QlP^ - P^Ql - QP^PgQtQl + P^PggQee-^^ - P^PgQeee-^^ 

+ 2PtQlQtPg + mQePgQl - 2PtQePePete-^^ + 2PtP^Qgte-‘^^ + PuQl - 2QlQtPet 
~ Q^PeQtt + 2QQQtPgQgt + QgPgPtP ~ QePgQ^ + QeQtP&e 

- 2PlQl - QlPgQee - P^Que-^^. (A.5) 


Einstein-Rosen gravitational waves 


The connection one-form is 




where 


u{t, p) = -V2e~‘^^ -h - 2ilu^/jt + 2^jjuD.t) , 


©n, 


(A.6) 


(A.7) 


and 

v{t, p) = V2 [VtpVtuVttil)te~'^'^ - 

- ^lVtptil)te~‘^'^ + A^ppiplVtu - Aippiptiptt^t + - ^-ipt^pt) ■ (A.8) 
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